The proposed technique for vertical deflection predictions is based on three publicly available data sets: (1) EGM2008, (2) DTM2006.0 and (3) SRTM elevation data. This allows replication of the approach for improving the accuracy of EGM2008 vertical deflection predictions in regions with a rough topography or for improved validation of EGM2008 and future high-degree spherical harmonic models by means of independent ground truth data.
Improved prediction of vertical deflections from EGM08 and residual terrain model data 3 (Pavlis et al. 2008) . EGM2008 is complete to degree and order 2159 with additional spherical harmonic coefficients up to degree 2190 and order 2159. As such, it allows to compute the disturbing potential T and a number of gravity field related quantities, such as height anomalies ζ, gravity anomalies ∆g and vertical deflections (ξ, η) to a spatial resolution of about 5 arc minutes, corresponding to approximately 9 km in latitude.
It is clear that the high-frequency features of Earth's gravity field with wavelengths smaller than 5 arc minutes are not represented by EGM2008 because of the truncation of the spherical harmonic expansion at degree 2160. This produces a signal omission error (e.g. Torge 2001, p. 273) with amplitudes estimated to be on the order of a few arc seconds in the case of vertical deflections (Torge 1981) .
Astrogeodetic vertical deflections, obtained from astronomical observations (e.g. Torge 2001) contain the full spectral signal. They can be used to estimate the signal omission error by means of a comparison with vertical deflections from spherical harmonic synthesis. Jekeli (1999) compared a number of astrogeodetic vertical deflections with vertical deflections derived from the spherical harmonic model EGM96 (Lemoine et al. 1998 ) and revealed larger differences in mountainous areas than in low-elevated terrain. This result is related to the fact that the topography generates a considerable portion of the vertical deflection signal (Forsberg and Tscherning 1981) . Therefore, for vertical deflections a larger omission error is generally to be expected in mountainous areas than in low-elevated terrain.
Gravity field modelling often takes advantage of the strong correlation between the topography and the short wavelength parts of the gravity field by means of digital terrain model (DTM) data (e.g. Forsberg and Tscherning 1981; Denker 1988; Marti 1997) . In particular, residual terrain model (RTM) data can be used to reconstitute a significant part of the short wavelength components 4 Christian Hirt of the gravity field (e.g. Forsberg 1984) which are omitted by a truncated spherical harmonic series expansion. Generally, RTM data is constructed from detailed digital terrain model (DTM) data from which a smooth reference grid is subtracted (Forsberg 1994) . The latter serves as high-pass filter and eliminates the long wavelengths from the DTM data. If the reference grid is constructed consistently with the maximum degree of the spherical harmonic model, the RTM data will augment the spherical harmonic model beyond its maximum degree. This results in an extension of the spectral content of the spherical harmonic vertical deflections and, hence, in a reduction of the omission error.
In recent time, several studies have been carried out aiming at the validation of spherical harmonic vertical deflections from EGM2008 by means of astrogeodetic deflections (e.g. Claessens et al. (2008) in Australia, Pavlis et al. (2008) in the United States of America, Huang and Véronneau (2009) in Canada), however, without modelling the signal omission error using RTM data. Also, the paper by Jekeli (1999) that thoroughly analyses vertical deflections from EGM96 does not attempt to model the signal omission error. To the knowledge of the author, no studies on the augmentation of high-degree spherical harmonic vertical deflections with RTM data are published in the recent geodetic literature by now.
The aim of the present study is to demonstrate that in mountainous areas a significant part of the omission error of vertical deflections from spherical harmonic models in general and from EGM2008 in particular can be modelled based on RTM data. This is accomplished by means of vertical deflections computed based on properly constructed RTM data (Sec. 3). A set of 223 highprecision astrogeodetic vertical deflections, collected in two test areas in the Bavarian and Swiss Alps, serves as ground truth data against which the approach is tested (Sec. 4). It is shown that the proposed technique significantly improves the accuracy of vertical deflections in mountainous areas. As such, the augmentation of EGM2008 vertical deflections with RTM data generally alImproved prediction of vertical deflections from EGM08 and residual terrain model data 5 lows an improved prediction of vertical deflections in all mountainous areas with SRTM terrain data available. In particular, the proposed approach enables a better, more expressive validation of spherical harmonic models with astrogeodetic vertical deflections.
Definitions
In view of the following sections, it is useful to define the term "vertical deflection". Following Jekeli (1999) , the vertical deflection is generally defined as angle between the Earth's gravity vector and some reference direction. The direction of the Earth's gravity vector is identical with the direction of the (physical) plumb line. It is oriented with respect to the International Terrestrial Reference System (ITRS) using the astronomical coordinates Φ (astronomical latitude) and Λ (astronomical longitude). Depending on the reference direction chosen, we distinguish between Helmert's and Molodensky's definition of the vertical deflection.
Helmert's definition utilizes the ellipsoidal normal as reference which is described with the geodetic coordinates ϕ (geodetic latitude) and λ (geodetic longitude), cf. Jekeli (1999) :
Here, third order terms are neglected and axis parallelism of the ITRS and the ellipsoid the geodetic coordinates (ϕ, λ) refer to is assumed. Vertical deflections (ξ, η) Hel according to Helmert's definition refer to points located at the Earth's surface and are also known as surface vertical deflections. In geodetic practice, Helmert vertical deflections are an important type of vertical deflection because they can be directly determined from observation: Astrogeodetic techniques (cf. Hirt et al. 2009 ) are used to measure the direction of the plumb line (Φ, Λ) at points with geodetic coordinates (ϕ, λ), which are known from satellite positioning, e.g. using the Global 6 Christian Hirt
Positioning System GPS, cf. Seeber (2003) . The Helmert vertical deflection (ξ, η) Hel is often referred to as astrogeodetic vertical deflection. Typically, they are smaller than 10 in low-elevated terrain. In medium-elevated and mountainous terrain, Helmert vertical deflections often amount to 20-30 , but rarely exceed an order of 1 (Torge 2001) .
Molodensky vertical deflections use the plumb line of the normal gravity field instead of the ellipsoidal normal as reference direction (Torge 2001, p. 218) . The difference among Molodensky and Helmert vertical deflections is caused by the curvature of the normal plumb line which, however, only affects the North-South component ξ (cf. Jekeli 1999, Heiskanen and Moritz 1967) :
where h is the ellipsoidal height of the point in [km] and ϕ the geodetic latitude. As a consequence of Eq. 2, amplitudes of about 0 . 5 may be reached for δξ N C in mountainous areas (heights of 3 km)
whereas the effect almost disappears in flat terrain. The relation among Molodensky and Helmert vertical deflections reads (Heiskanen and Moritz 1967) :
Due to the rotational symmetry of the normal gravity field, there is no difference among the EastWest component η in both definitions. Other definitions, like the Pizetti definition of the vertical deflection (cf. Torge 2001) are not relevant for this study.
Methodology

Vertical deflections from spherical harmonic synthesis
A spherical harmonic model of the Earth's global gravity field, such as EGM2008, comprises a set of fully-normalized spherical harmonic coefficients C nm , S nm with n denoting the degree and Improved prediction of vertical deflections from EGM08 and residual terrain model data 7 m the order of the coefficients. This coefficient set is used for the computation of the disturbing potential T using the spherical harmonic series expansion (Torge 2001 , p. 215, Smith 1998 :
(δC nm cos mλ + S nm sin mλ)P nm (cos θ).
The parameters GM (geocentric gravitational constant) and a (semi-major axis of the geocentric reference ellipsoid) are the model-specific scaling parameters which are provided along with the set of harmonic coefficients. 
The partial derivatives ∂T ∂φ and ∂T ∂λ may be computed numerically or analytically; see e.g. Jekeli 1999) . The correction of the spherical approximation is not further treated in this paper because this effect is small compared to the residuals between astrogeodetic deflections and spherical harmonic deflections corrected for the omission error from RTM data (cf. Sec. 4). This also holds for further second-order effects (e.g. tidal correction of vertical deflections) which are omitted here due to their small amplitudes (for details on these effects see Jekeli 1999).
Vertical deflections from topographic data
In gravity field modelling, digital terrain model (DTM) data is a commonly used data source which provides information on the short-wavelength constituents of the gravity field (e.g. Forsberg and Tscherning 1981; Denker 1988; Marti 1997) . The term residual terrain model (RTM) denotes a DTM from which a smooth reference surface (i.e. a low-pass filtered DTM) is subtracted (Forsberg 1994 ). As such, the RTM represents only the high-frequency features of the terrain (cf. Forsberg
1984).
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By now, a variety of DTM data sets with different resolution and accuracy is used in gravity field modelling, e.g. GLOBE, GTOPO, SRTM as well as national elevation data sets. The present study is deliberately carried out using the globally and publicly available SRTM elevation data because the use of which allows applying the proposed method without any restrictions of accessibility most of the national data sets are affected by.
SRTM elevation data
On most of the land surfaces between latitudes 60
• North and 56
• South, digital elevation data inverse distance weighting and interpolation using auxiliary DEM data) which were applied depending on the terrain type (e.g. low-elevation areas, mountainous areas). Importantly, the release V4.1 features considerably better quality in many mountainous areas, such as the European Alps.
In particular, many summits were reconstructed from auxiliary DEM data sets which is a very sig-10 Christian Hirt nificant advancement over previous SRTM releases. For a detailed description of the hole-filling algorithms see Reuter et al. (2007) .
It is fully acknowledged that, despite the clear improvements over earlier versions, the SRTM data release V4.1 is not a perfect representation of the terrain surface, e.g. isolated errors on the order of 100 m can still be found in mountainous areas. What is more, heights may be systematically too high in forest regions due to the fact that SRTM is a surface model and not a terrain model (cf. Marti 2004) . Nevertheless, the SRTM release V4.1 can be used with success to significantly improve vertical deflections from spherical harmonic synthesis (see results in Sec. 4). Forsberg (1994) suggests two different ways to define the reference surface of the RTM. The long-wavelength reference can be obtained from a spherical harmonic series expansion of the global topography. Alternatively, a smooth reference surface can be constructed by applying the moving average (MA) operator on the DTM. Importantly, the associated spherical harmonic degree of the reference surface should agree with the maximum spherical harmonic degree n max of the Molodensky vertical deflections [Eq. (5)]. Then, the RTM data is capable of providing information on the omitted short-wavelength parts of the Molodensky vertical deflections. In this study, both variants of constructing the reference surface of RTM data are tested.
Construction of the RTM
As high-degree spherical harmonic series expansion of the Earth's topography, the digital terrain model DTM2006.0 is used. DTM2006.0, computed by the EGM2008 development team based on the SRTM global elevation data set and some other data sources described in Pavlis et al. (2007) , 
with θ geocentric co-latitude, λ longitude and P nm (cos θ) fully-normalized associated Legendre functions. DTM2006.0 is a consistent supplement of the Earth's gravitational model EGM2008.
As a second approach, a smooth reference surface is constructed using the moving average
where H is a matrix containing the DTM data, (k, l) is the pair of indices denoting the computation point. The parameter n can be easily determined from the width w of the filter window and the DTM resolution ∆x:
Eq. 7 uses a square-shaped window centred to the computation point. In order to construct the moving-averaged reference surface in agreement with the maximum spherical harmonic degree n max of the Molodensky vertical deflections (Sec. 3.1), the window width w is adapted to the spatial resolution of the spherical harmonic expansion (after Torge 2001, p. 74):
In the case of EGM2008, the maximum degree n max of 2160 implies a window width w of 5 arc minutes. (Nagy et al. 2000) . In case of the frequently used right rectangular prism with constant density ρ, the equations for the computation of V x and V y in flat Earth approximation read (Nagy et al. 2000 (Nagy et al. , 2002 :
where G is the gravitational constant and r is the distance of the points (x, y, z) from the origin of the coordinate system. The limits (x 1 , x 2 , y 1 , y 2 , z 1 , z 2 ) describe the boundaries of the prism faces with respect to the computation point (cf. Nagy et al. 2000) . For each single prism, the evaluation of Eq. 10 requires substituting the variables (x, y, z) by the eight corner coordinates of the prism (x 1 , y 1 , z 1 ) , (x 1 , y 1 , z 2 ),...,(x 2 , y 2 , z 2 ), resulting in a total of 24 terms for V x and V y , respectively. In the literature, alternative equations for the computation of V x , V y are found that use arsinh-instead of ln-terms (cf. Tsoulis 1999; Flury 2002) . Eq. 10 is based on a planar approximation (Nagy et al. 2000) , however, the effect of Earth curvature may be taken into account by a vertical shift of the prism as a function of the distance between prism and computation point (cf. Forsberg 1984, p. 111).
Eq. 10 assumes the z-axis of the (x, y, z) Cartesian coordinate system representing the RTM elevation data. Importantly, the prism's height z 2 −z 1 must be equal to the residual elevation
In the present study, we evaluate Eq. 10 using z 1 = 0 and z 2 = z RT M .
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The contribution of the complete residual terrain to vertical deflections is obtained by summation (numerical integration) of the horizontal derivatives of the gravitational potential of all prisms a digital RTM elevation grid consists of, and by division with the normal gravity γ (after Nagy et al . 2000):
The values In other studies, the original, i.e. unfiltered, DTM heights and not residual RTM elevations were used for computing topographic vertical deflections, i.e. the contribution of the topography above the geoid to vertical deflections (e.g. Heitz 1968; . The difference among RTM vertical deflections (used here) and topographic vertical deflections (as used in the mentioned studies) is the spectral content: RTM vertical deflections exclusively contain high-frequency signals with wavelengths shorter than the wavelength implied by the maximum spherical harmonic degree n max of the RTM reference surface; topographic vertical deflections as used e.g. in contain both short and medium wavelengths as generated by the (unfiltered) topography.
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Role of the DTM grid extension
It is a well-known advantage of RTM computations that the numerical integration of gravitational effects (Eqs. 10, 11) need only to be carried out to some certain distance because of the oscillating positive and negative RTM elevations (cf. Forsberg 1984, p. 38; Forsberg 1994) . This is demonstrated by test computations of (ξ, η)
RT M values using a set of different integration radii. For the station "Sion" located in the Swiss Alps, Fig. 1 exemplarily shows the RTM vertical deflections In the Ester Mountains (Estergebirge), located in the Bavarian Alps, Germany, a total of 188 stations with vertical deflections from digital zenith camera measurements is available, cf. 
Comparisons and Analyses
The comparison among the vertical deflections (ξ, η) EGM from EGM2008 and the ground truth astrogeodetic deflections (ξ, η) astro at our 223 benchmarks reveals discrepancies of up to 15 for ξ and approximately 9 for η, respectively (see descriptive statistics in Tab. 2). The root mean square (RMS) of the differences is found to be around 3 . 5 for ξ and somewhat lower for the component η (3 . 2). These values mainly reflect the signal omission of EGM2008 on the short scales (structures below 5 ), EGM2008 model errors, and, to a minor extent, also noise of the astrogeodetic observations. A detailed analysis of the 103 stations arranged in a traverse in the Isar Valley (cf. Fig. 6 ) provides some interesting insight into EGM/RTM vertical deflections. The upper part of Fig. 6 shows the differences between astrogeodetic and EGM2008 vertical deflections (without any RTM data).
The RTM vertical deflections (ξ, η) RT M , representing the omitted gravity field signal generated by the topography at short scales below 5 arc minutes, are depicted in the middle part of Fig. 6 .
The strong correlation between these two data sets demonstrates that a large part of the discrep- Other than in mountainous terrain, RTM vertical deflections in low-elevated terrain are not expected to yield similarly high improvement rates. This is because RTM elevations, and hence, RTM vertical deflections are small in less-elevated areas and, additionally, are more affected by SRTM model errors in a relative sense.
There are two main applications related to improving EGM2008 vertical deflections with RTM data in medium-elevated and rugged terrain.
First, the method allows us to predict vertical deflections in mountainous areas with SRTM elevations available more accurate than using the EGM2008 model alone. This is because the signal omission error, which may be significant in the mountains (on the level of 3 RMS, as shown in this study for our test areas) can be greatly reduced by using RTM vertical deflections. As the attainable accuracy essentially depends on the EGM2008 commission error (i.e. the uncertainties related to the model coefficients, cf. Pavlis et al. 2008) , and on local density anomalies (which Second, the reduction of the EGM2008 omission error by means of RTM vertical deflections in mountainous areas allows advanced validation of the EGM2008 spherical harmonic model (and future high-degree models), as compared to the validation results published so far (cf. Sec. 1). This is because a large portion of the residual differences between EGM2008 and astrogeodetic vertical deflections can now be modelled and corrected (in our study about 75 %). The remaining residuals are expected to reflect mainly density anomalies and EGM2008 commission errors. It is intended to use further sets of astrogeodetic vertical deflections from zenith camera observations (e.g. Bürki 1989; Bürki et al. 2004; Somieski et al. 2007; Somieski 2008; Hirt et al. 2009) for such a refined validation of EGM2008. 
